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Analysis of Turbulent Boundary Layer
on Cascade and Rotor Blades of Turbomachinery

B. Lakshminarayana* and T. R. Govindant
The Pennsylvania State University, University Park, Pa.

The momentum integral technique for predicting the boundary-layer growth in three-dimensional flow has
been extended to include the entrainment equation as the closure model. The numerical solution is compared
with the cascade, inducer, compressor, and fan rotor blade data from various sources. The agreement is found
to be excellent in all cases, with the exception of the separated flow. Both the momentum thickness and the
limiting streamline angle predicted from this analysis compare well with the measured data for a rotor blade. The
technique is extremely useful in engineering design, analysis, and performance prediction.
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Subscripts
s,n,r

Nomenclature
= chord length
= lift coefficient
= entrainment coefficient
= skin friction coefficient
= entrainment rate [Eq. (11)]
= scale factors of the coordinate system
= shape factor [Eq. (5)]
= Head's form of the shape factor
= functions of the shape factor [defined in
Eq.(9)]

= rpm, angular velocity
= r/rt, where rt is the tip radius
= Reynolds number based on upstream
velocity and blade chord at midradius

= Reynolds number based on boundary-
layer edge velocity and the local
momentum thickness 01}

= streamwise, normal, and radial directions
in the curvilinear coordinates (Fig. 1)

= streamwise velocity at the edge of the
boundary layer

= streamwise, normal, and radial com-
ponents of velocity

= chordwise distance from the leading edge
= stagger angle
= limiting streamline angle, tano^
= boundary-layer thickness
= displacement thickness [defined in Eq.
(4)]

= momentum thicknesses [defined in Eq.
(4)]

= values in streamwise, normal, and radial
directions, respectively

Introduction

A KNOWLEDGE of the properties of the blade boundary
layer on rotor blades is essential for the prediction of the

efficiency, aerodynamic, and acoustic performance of a
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turbomachinery rotor. The boundary layer that develops on
rotor blades is not two-dimensional. The rotation and the
curvature effects produce three-dimensionality in the flow
with appreciable radial velocities. Furthermore, the Coriolis
and centrifugal force fields modify the skin friction stress on
the blade. These effects have to be included in the analysis of
the boundary layer developing on a rotor blade. The bound-
ary-layer parameters that are of interest are the displacement
and momentum thicknesses, the limiting streamline angle,
and the skin friction coefficient. The limiting streamline angle
is the angle of the streamline (measured as a deviation from
the inviscid streamline) as the blade surface is approached.

There are two methods commonly used to calculate the flow
properties in the boundary layer—the differential method and
the momentum integral technique. Finite-difference
techniques are employed in the differential method to
compute the details of the flow in the boundary layer. While
this is necessary in understanding the nature of the boundary
layer, the calculations are complex, time consuming, and
difficult to incorporate into the design, analysis, and per-
formance prediction of a turbomachine. Momentum integral
techniques, on the other hand, provide the gross properties of
the boundary layer. In most cases this is all that is required in
the preliminary design and analysis to correct the inviscid
flow in the blade passage for the effects of the blade boundary
layer. The momentum integral method provides a quick
estimate of the boundary-layer parameters and is easily
coupled to inviscid flow calculation routines. The chief virtue
of an integral method lies in the implicit and global manner in
which the effects of turbulence are incorporated.

Several researchers have utilized this method for the three-
dimensional boundary-layer calculation over different flow
configurations. Cumpsty and Head, * Thompson and
MacDonald,2 and Smith,3 among others, have developed the
method for flow over an infinite swept wing. Mager4 has
derived generalized integral equations, including those for
rotating systems. Lakshminarayana et al.5 and Anand and
Lakshminarayana6'7 have applied the method to the three-
dimensional boundary on a rotating helical blade and inducer
channel, respectively.

The present method is an extension of the above methods to
a turbomachinery rotor. In a turbomachine rotor, the effects
of rotation, curvature, and pressure gradients are all im-
portant. Furthermore, the finite extent of the blade height
requires suitable boundary conditions to be prescribed on
both the hub and the casing walls. A method incorporating
these features is presented here, and results obtained from its
application are compared with the experimental data. The
entrainment equation is included as a closure to the
momentum equations.
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Fig. 1 Curvilinear coordinate system and notations used.

Boundary-Layer Analysis
Momentum Integral Equations

The momentum integral equations for the three-
dimensional boundary layer of an incompressible fluid have
been derived by many researchers.1"7 The technique presented
in this paper is an extension of the earlier methods developed
by Lakshminarayana et al.5 for a rotating helical blade and
Anand and Lakshminarayana6 for a rotating helical channel.
The technique includes the effect of three-dimensional in-
viscid-external flow. The new features presented in this paper
include the incorporation of a three-dimensional entrainment
equation and coupling of the three-dimensional inviscid
computer program due to Katsanis and McNally8 with the
momentum integral program for boundary-layer calculation.

The momentum integral equations are obtained by in-
tegrating the boundary-layer equations in the normal
direction. The resulting two momentum integral equations
(one in the mainstream, the other in radial flow direction) are
reduced to two first-order, partial-differential equations using
a power law profile for the mainstream velocity, Mager's
profile4 for the cross flow, and a skin friction relation based
on the experimental data of Anand and Lakshminarayana,6

which is a modification of Ludwieg and Tillmann's9 skin
friction correlation for two-dimensional flows to three-
dimensional turbulent boundary layers with pressure
gradients, including the effect of rotation. The exponent of
the power law for the streamwise velocity component is a
function of the local shape parameter (//), which is defined as
the ratio of streamwise displacement thickness to streamwise
momentum thickness. It thus represents the shape of the
streamwise velocity profile.

The coordinate system employed and some of the notations
used are shown in Fig. 1, where s is the coordinate in the
direction of the inviscid streamline at the edge of the bound-
ary layer, n is normal to s and the blade surface, and r is
normal to s and n along the blade surface. The momentum
integral equation in s and r directions in the rotating or-
thogonal coordinate system is given, respectively, by

ds Ue ds 21
22 _ _ e

h3 dr + Ue h3 dr 22

:£t (2)

where Ue is the inviscid freestream velocity. The usual
assumption that the boundary layer is thin compared to the
radius of curvature of the blade surface has been made
(A, = l).

An arc length ds in this coordinate system with the thin-
layer approximation is given by

dS=(hjds)2+dn2+(H3dr)2

The various boundary-layer thicknesses are defined as

(3)

(4a)

(4b)

(4c)

(4d)

(4e)

(40

A power law type of velocity profile is assumed for the
mainstream velocity profile.

S
8 / w V8 / w
. (u.) ""

where His the local shape factor.
The assumed cross-flow profile is from Ref . 4:

(6)

where ew is the limiting streamline parameter (tancx^ ) .
Equations (1) and (2) can now be written in terms of the

four parameters 6n, ew, //, and Cfs.

i den
h, ds

2 1 i dd12
h, dr

2_ 1 dUe

U~e~h'2~dr
1_

H~,

~ ~ ~ ~

hih3

dht

~dr (1) = (7)
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and

L A
h, ds

to be

1 2 dU I d

where

J= (30.0 + 14H)

L =

ewBn (H+2)(H+3)(H+5)

J2_=_ _____
r Q ( J-f€„"?] (fi — i

M= "22

e2j9 ~ (H-l) (H+2) (H+3) (H+l)

09, -2
(H-l) (H+2)

(8)

(9a)

(9b)

(9c)

(9d)

The skin-friction relation for flows with pressure gradients
and rotation effects is based on the experimental data for a
turbulent boundary layer in a rotating channel developed by
Anand and Lakshminarayana. 6>7

Cfs = 0.172Re-f26810 -°- (10)

This correlation is a modified version of the correlation
developed by Ludwieg and Tillmann.9 J57 is a constant; a
value of 0.52, suggested by Anand and Lakshminarayana,6 is
used; Re is the Reynolds number, based on the streamwise
velocity at the edge of the boundary layer and the streamwise
momentum thickness 077; and st is the distance between the
leading edge and the transition point along the s direction.

Closure Model—Entrainment Equation
In turbomachinery blade passages, the flow experiences

large pressure gradients. These pressure gradients cause large
changes in velocity profiles and consequently in the shape
parameter H. The variation of H cannot be neglected and an
additional equation is required. Out of the available auxiliary
equations, only the "energy integral equation" and the
' 'entrainment equation" have been found suitable for the
turbulent boundary layers.10 The former involves more
empiricism in calculating the dissipation integral term, and
assumes the shear stress distribution in the turbulent bound-
ary layer. Since the shear stress variation differs largely from
flow to flow, especially those under the influence of rotation
and.curvature, the entrainment equation rather than energy
integral equation is used. The entrainment equation is derived
from the concept that a turbulent boundary layer grows by a
process of "entrainment" of the inviscid fluid at the edge of
the boundary layer into the turbulent region and has been
found to give good predictions in a variety of flows as
demonstrated by Kline et al.10 The entrainment equation by
Head11 has been extended by Nash and Patel12 for a three-
dimensional flow. The entrainment equation is obtained from
the integration of the continuity equation from the blade
surface O = 0) to the edge of the boundary layer O = 6). The
continuity equation is the same both in the rotating and
stationary coordinate system (s, n, r).

The entrainment equation for the rotor boundary layer in
the coordinate system used in this paper (Fig. 1) can be shown

1 1 dU

ds ) H3 dr

(H)

where 67 and d2 are displacement thickness parameters in
streamwise and cross-flow directions, respectively, and are
defined in Eq. (4) and H8_d = (S-<57)/077. F on the right-
hand side represents the volume flow rate per unit area
through the surface d(s, r) and is the rate of entrainment of
inviscid external flow into the boundary layer.

The entrainment process is a highly complex and inherently
unsteady phenomena and its direct measurement is difficult.
The entrainment rate depends both on the mean flow
parameters, such as the streamwise velocity defect, the rate of
boundary-layer growth, freestream velocity, displacement
thickness, etc., as well as on the turbulent quantities, such as
turbulence intensities and stresses in the outer layer. The
streamwise velocity defect, in turn, is directly related to
freestream velocity, the shape factor, the magnitude of cross
flow, and the blockage effects due to confinement of external
inviscid flow in the channel. An empirical correlation for the
entrainment function F for three-dimensional flow is. not yet
available. Hence, the entrainment function F due to Head11

for two-dimensional flow is used in the present analysis. The
function is given by

F(H8_d})=0.0306(Hd_d-3.0) (12)

It is assumed that the variation of the entrainment rate with
Hd_d] follows the same relationship for three-dimensional
flows.

Equation (11) is written in a form similar to Eqs. (7) and (8)

U ds h1h3 ds

(13)

Equations (7), (8), and (13) are to be solved for 077, ew, and
H (Hd_8j is related to H) with the prescribed boundary
conditions. For a Cartesian system, h]=h2 = H3 = l. For the
cascade test cases presented later, the surface curvature is
neglected (h1 =h3 = 1), and the inviscid and the viscid flow is
assumed to be two dimensional (w^e^^O). Hence, only the
s-momentum equation is relevant in the analysis. For the
rotor blade when the surface curvature is negligible, H3 = 1
and

JL 7 dhi _s in 2 X
hl h3 dr r

The inviscid flowfield for a cascade is derived either from the
measured blade pressure distribution or from the cascade
inviscid flow prediction. The rotor inviscid flowfield
[ U e ( s , r ) ] , which is three dimensional, is derived from the
computer program developed by Katsanis and McNally.8

Initial conditions are prescribed for 077, ew, and H at the
leading edge. 077 and ew are assumed to be zero at the leading
edge and an initial value of 1.4 is assumed for H. The
boundary condition prescribed at the end walls is that e^ is
zero there.
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Table 1 Details of experimental data used for testing the prediction method

AIAA JOURNAL

Reynolds Stagger0

number, angle, Spacing, b
No. Test case Re rpm deg cm

1 Compressor cascade 3x l0 5 — 45 10.5
55-deg inlet angle13

2 Compressor cascade 3x l0 5 — 45 10.5
62-deg inlet angle 13

3 Turbine cascade 5.6xl05 — 56.5 11.98
rough blade 14

4 Turbine cascade 5.6xl05 — 56.5 11.98
smooth blade 14

5 Single rotating 1.75X106 450 81 —
helical blade 5

6 Rocket pump inducer 1.75X106 450 81 56
blade6'7

7 Axial flow compressor 3.0xl05 1066 30 10.50
rotor blade16'17

8 Axial flow compressor 3.0xl05 1066
rotor blade a 1280

Effect of rotation3 2132
9 Axial flow compressor 3.0xl05 1066

rotor blade a

Effect of streamwise
pressure gradient3

10 Axial flow fan 3.0 x lO 5 1010 45 10.33
rotor blade18'19

a Hypothetical compressor. b At midradius.

Numerical Solution
The method of solution of Eqs. (7), (8), and (13) is similar

to that suggested by Mager.4 An initial value of the shape
factor is assumed at the streamwise station at which the
calculation is being carried out and Eqs. (7) and (8) are solved
for the momentum thickness and the limiting streamline
parameter at that station. Equation (13) is now used to update
the value of the shape factor. Equations (7) and (8) are solved
again with the new value of the shape factor, and the
procedure is repeated until the solution converges.

The application of the end wall (hub and annulus walls)
boundary conditions on the limiting streamline parameter was
found to cause instabilities in the numerical calculation. A
possible reason for this is that the equations do not model the
corner flow correctly, where both transverse gradients are
important. Since this is not the region of interest of the
calculation, it was found that the calculation could be
stabilized by calculating the radial derivatives of the limiting
streamline parameter by using the boundary conditions on the
end wall and the solution domain adjacent to it (located
approximately at the edge of the wall boundary layer), the
equations themselves not being integrated along the end walls.
Such a scheme is easily implemented using explicit-difference
schemes described below.

The Gill variation of the Runge-Kutta fourth-order scheme
is used to integrate Eqs. (7), (8), and (13) in the streamwise
direction. A centered-difference approximation is used for the
radial derivative. The method is an explicit scheme in that the
radial derivatives are lagged in the calculation. Such an ap-
proach is similar to the "method of lines" approach to
solving partial-differential equations. The four-step Runge-
Kutta method allows the radial derivatives to be corrected at
each half-step of the calculation.

For some of the simpler flow geometries considered in this
paper, grid points on which the calculation was carried out
were specified with the input. However, for the more com-
plicated geometries, the grid system was carried over-from the
inviscid solver8 used to calculate the pressure and velocity
gradients. Such a system makes it easy to integrate the
boundary-layer program with the inviscid solver. The inviscid
solver used here for a rotor is that of Katsanis and McNally. 8

The numerical scheme has shown no instability in the test
cases for which the program was run. Characteristic run times

Hub- Correlation for
tip Blade chord, skin-friction

CL ratio cm coefficient used, Ref.
0.458 — 12.38 9

0.54 — 12.38 9

4.83 — 17.50 14

4.83 — 17.50 9

0.0 0.50 181.20 at 6
midradius

Very 0.50 181. 20 at 6
small midradius
0.6 0.50 12.70- 6
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Fig. 2 Chordwise distribution of momentum thickness for a com-
pressor cascade at inlet angles of 55 and 62 deg. 13

for the two-dimensional boundary layers were between 1 and
2 s using 20 streamwise stations. Run times for the three-
dimensional boundary layers considered were between 6 and
10s using 20 streamwise stations and 12 radial stations. These
run times are expected to be reduced further when final
versions of the program are run. The program is written in
FORTRAN IV and run on The Pennsylvania State Univer-
sity's IBM 3033 processor.

Prediction and Comparison with Experimental Data
To check the analysis, assumptions, and numerical

technique, the computer program was run for the two-
dimensional boundary layers on cascades13'14 and the three-
dimensional boundary layers on inducer,5'7 compressor,16'17

and fan18'19 rotor blades. Details of the various test cases
utilized are tabulated in Table 1, including a listing of the
stagger angle, Reynolds number, blade spacing, chord length,
hub/tip ratio, speed, and the skin-friction correlation em-
ployed, as well as figures in which the data are presented. The
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Fig. 3 Chordwise distribution of momentum thickness for a rough
turbine cascade blade.14

prediction for the cascade cases (items 1-4) includes only the
stream wise pressure or inviscid velocity gradients, while the
rotor cases (items 5-10) include both the stream wise (dUe/ds)
and the radial gradient (dUe/dr) of the inviscid stream wise
velocity needed in Eqs. (7), (8), and (13).

Compressor Cascade13

The prediction of the momentum thickness from the
authors' analysis has been compared with the measurements
of Peterson13 in a compressor cascade. The comparison for
the 55 and 62 deg inlet angles is shown in Fig. 2. The measured
blade pressure distribution was utilized to derive the value of
Ue. The flow is two-dimensional, with w = ew = 0; hence, Eqs.
(7) and (13) are solved. In these calculations, the Ludwieg-
Tillmann law9 was used to calculate the skin-friction coef-
ficient and Head's entrainment equation [two-dimensional
form of Eq. (13)] was utilized to close the set of equations.
Predictions compare very well with the measured data on both
surfaces of the 55 deg case. Of interest is the reduction in
momentum thickness on the pressure surface toward the
trailing edge caused by an acceleration of the flow. This trend
is predicted well. Predictions are excellent in the case of the 62
deg inlet angle for the pressure surface. The suction surface of
this cascade showed separation at 62 deg inlet angle; hence
results from it are not shown.

Turbine Cascade14

The measurement by Bammert and Sandstede14 on a rough
turbine cascade blade is compared with the predictions in Fig.
3. Results shown here are for a roughness grade of 3.3 x 10 ~ 3 ,
and the skin-friction law suggested by Bammert and Sand-
stede was used. Predictions compare very well with the
measured data on the suction surface. On the pressure sur-
face, the momentum thickness predicted is lower than the
measured values beyond the transition point. It is not known
if this error is due to the skin-friction law used, the input
pressure distributions, or the measurement errors.

The predictions of the momentum thickness growth in the
case of a smooth turbine cascade blade shows very good
agreement with the data (not shown). The Ludwieg-Tillmann
law9 was used to calculate the skin-friction coefficient. The
transition point was specified in the input to the program, and
the skin-friction coefficient for a flat plate in laminar flow
was used for the initial laminar length.

Single Rotating Helical Blade5

Most comprehensive data on a single rotating blade of tip
radius 91 cm, with a chord length of 181 cem at the mid-
radius, were reported by Lakshminarayana et al.5 The
boundary-layer profile was measured at several chordwise
and radial locations. The analysis from this paper is com-
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Fig. 4a Chordwise distribution of momentum thickness on a single
rotating blade at R = 0.72 and 0.83.5
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Fig. 4b Chordwise distribution of limiting streamline angle on a
single rotating helical blade at R = 0.55, 0.74, 0.80, 0.89.5

pared with their data in Fig. 4. Equations (7), (8), and (13)
were solved simultaneously using Eq. (10) for the skin-friction
coefficient. The asymptotic laminar solution of Banks and
Gadd15 was used to start the solution, and only the flow in the
turbulent region was computed.

The momentum thickness for the rotor blade at R = 0.12
and 0.83 is compared with the predictions in Fig. 4a. The
prediction is excellent up to 0.3 chord length, beyond which
the simple shear stress correlation of Ludwieg and Tillmann9

[with £ 7 =0 in Eq. (10)] seems to work better. The com-
parison provides an excellent check on the ability of the
analysis to predict the effects of the Coriolis and the cen-
trifugal forces in the development of a three-dimensional
turbulent boundary layer.

The limiting streamline angles at various radial and
chordwise locations, measured using the ammonia-ozalid
technique, are shown compared with the predictions in Fig.
4b. The vertical lines at the data points indicate the scatter in
the data obtained by repetitive measurements. Considering
this scatter, the agreement between the prediction and data is
very good, except in the trailing-edge region (and leading-edge
region for # = 0.89). Since the present analysis includes the



1338 B. LAKSHMINARAYANA AND T. R. GOVINDAN AIAA JOURNAL

VI
g

X_

<D
to

0

11
§

0.8

0.6

0.4

0.2

0

i i i i
NONDIMENSIONAL
RADIUS R =0.86

TURBULENT

/ ^.

' LAMINAR •^•^*" * • \

- / / '^
I / a) LEADING SIDE OF THE BLADE

s*J~~^ i i i i

1.0. ——————————————————————————————

0.8

0.6

0.4

0.2

0

-— THEORY
- o, • EXPR (REF. 6)

-
0

$s"-^°' ""--• — o, — ̂

" /*
S b) TRAILING SIDE OF THE BLADE

/̂ """̂  i i i i
0 0.2 0.4 0.6 0.8 1.0

NONDIMENSIONAL CHORD-WISE DISTANCE FROM LEADING EDGE

Fig. 5 Chordwise distribution of momentum thickness at 7? = 0.86
for an axial flow inducer blade.6

gross effects of the hub and tip wall, the prediction is better
than the ones reported in Ref. 5. Existence of large values of
ew near the leading edge due to the presence of the laminar
initial length is also predicted well.

Rocket Pump Inducer Rotor Blade6'7

Rocket pump inducers are characterized by fewer glades
(three to four) of large chord length and stagger angle. A flat
plate inducer was tested in air with an open throttle at The
Pennsylvania State University.6'7 Important geometrical and
flow parameters of this inducer are listed in Table 1. Extensive
measurement of the blade boundary-layer profile and the
limiting streamline angle was carried out utilizing the
boundary-layer probes and the ammonia-ozalid technique,
respectively. This case corresponds to zero-pressure gradient
(//=!.28); hence momentum equations (7) and (8) alone
provide accurate solution. The results of the analysis carried
out earlier6 are shown in Fig. 5. Comparison of the predicted
and measured momentum thicknesses shows excellent
agreement on both the leading and the trailing surfaces of the
rotor blade, with the exception of one data point near the
trailing edge. The measured limiting streamline angle is also in
good agreement with the predictions, with the exception of the
region near the trailing edge.6

The test case dealt with in this section, namely the absence
of the chordwise pressure gradient but the presence of
rotation and curvature effects in a long and narrow channel,
provides a severe test on the model for the effect of the
curvature and the rotation as well as the radial pressure
gradient. Good agreement between the theory and the ex-
periment indicate that the analysis accurately predicts these
effects.

Axial Flow Compressor Rotor Blade17

The Axial Flow Compressor Facility, described in Ref. 16,
was utilized to study the wake characteristics of a rotor blade.
The compressor facility is single-stage with IGV, rotor, and
stator in sequence. The rotor is 0.91 m in diameter with 21
blades. Other features of this rotor are given in Table 1. The
rotor wake was measured using a triaxial hot-wire probe,
rotating with the blade and traversed by a step-motor-driven
traverse gear. Details of the technique and facility can be
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Fig. 6 Predicted chordwise distribution of momentum thickness on a
compressor rotor blade at various radii.
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Chordwise Distance x/c

1.0

Fig. 7 Predicted chordwise distribution of CM, on a compressor rotor
blade at various radii.

found in Refs. 16 and 17. The wake measurement at the
trailing edge (axial distance from the trailing edge = 0.0104
chord) was utilized to derive the values of the momentum
thickness (077) at the trailing edge at various radii. The data on
the limiting streamline angle measurement are not available.

Results obtained from the analysis of the three-dimensional
turbulent boundary layer on the compressor rotor blade are
shown in Figs. 6 and 7 for three radii on both the pressure and
the suction surfaces. The flow is assumed to be turbulent
throughout. The inviscid flow in the rotor passage was ob-
tained by using the computer program of Katsanis and
McNally.8 Figure 6 shows the momentum thickness
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Fig. 9 Effect of Streamwise pressure gradient on the limiting
streamline angle for a compressor rotor blade.

Table 2 Measured and predicted values of momentum thickness
for the compressor rotor n at the trailing edge

Predictions
e,,/c

Measurements17

R en/c
0.65
0.80
0.90

0.0127
0.0105
0.0110

0.6581
0.7973
0.9324

0.0115
0.0101
0.0115

distribution on the blade at various radial locations. The
predictions show a large value of Bu on the suction side of the
blade. The momentum thickness at the trailing edge decreases
from the hub toward the midradius and increases again
toward the tip and attains the maximum values there. Such a
trend is also seen in the measurements in the rotor wake close
to the trailing edge reported in Ref. 17. No measurements are
available on the blade surface. Comparisons of the
momentum thickness predicted at the trailing edge with the
measurements in the wake are good (Table 2). In Table 2, 0H
is the sum of the corresponding thicknesses on the pressure
and suction surfaces. The cross flow tends to reduce the
momentum thickness at the hub and increase it toward the tip.
Prediction of the large growth in the boundary at the in-
teraction region near the tip, observed by many investigators,
is beyond the scope of the present analysis as the effect of the
annulus wall boundary layer is not included in the analysis.

Figure 7 shows the limiting streamline angle distributions
on the suction and pressure surfaces. The limiting streamline
angles are greater on the pressure surface than on the suction
surface. The angle increases from hub to tip. The observed
trend in the distribution of ew on the two surfaces are dif-
ferent. The limiting streamline (aw) angle increases con-
tinuously toward the trailing edge on the suction surface, but
tends to level off on the pressure surface. This trend is
probably due to the nature of the velocity and pressure
gradients in the inviscid flow. It is clear that the limiting
streamline angle increases continuously from a value of 11
deg at the hub to 17 deg at the tip on the suction surface. A
similar trend is also observed on the pressure surface of the
blade. The prediction of the radial flows inside the blade

boundary layer, through the parameter ew , is very essential
for the accurate estimate of the three-dimensional effects and
the hub-to-tip distribution of the flow losses in tur-
bomachinery. The analysis described in this paper could be
utilized to predict such a radial distribution of losses.

Effect of Rotation for a Hypothetical Compressor
A parametric study was carried out to determine the effects

of the rotation on the momentum thickness and the limiting
streamline angle on a rotor blade. For the investigation of the
effects of rotation, all other aerodynamic parameters (in-
cluding the Reynolds number

J_ d_Ue 1 3Ue

~ ~ ' ' ' e* '

and the blade pressure distribution) are held constant. The
relevant parameters for this case are tabulated in Table 1 (item
8). The rotation parameter Qn/Ue was varied by varying the
rotational speed TV. The aerodynamic properties Ue(s,r) are
the same as that of the compressor rotor investigated earlier.
This would result in a hypothetical compressor. In summary,
all the aerodynamic parameters of the blade row, with the
exception of Qn9 are held constant in Eqs. (7) and (8). The
results are shown in Fig. 8 for the pressure surface of the rotor
blade. It is evident from Fig. 8 that ew increases with an in-
crease in rotation at all the chordwise and radial locations. It
increases almost 50% at the trailing edge of the pressure
surface when the speed is doubled. This results in a decrease in
the momentum thickness, which is caused by the large
migration of the boundary layer toward the tip. It should be
emphasized here that this boundary-layer migration will have
a drastic effect on the flow near the tip. Even though the
momentum thickness is reduced near the midradius, it will
increase considerably toward the tip.

The rotation effects have a much more severe impact on the
limiting streamline angle on the suction surface (not shown).
The value of ew is almost doubled for a corresponding in-
crease in the rotation. Surprisingly, Qn does not show a
corresponding decrease. When the speed is doubled, the
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Fig. 10 Predicted chordwise distribution of momentum thickness on
a fan rotor blade at various radii.

momentum thickness decreases only by 25%. This
discrepancy between the behavior of the two surfaces of the
blade for the effects of rotation may be due to the fact that the
absolute magnitude of limiting streamline angle on the suction
side is much lower than those on the pressure side. Never-
theless, these results are of great significance because the
analysis indicates significant differences between a low-speed
and a high-speed rotor. In a high-speed rotor, the three-
dimensional effects are considerably higher and the boundary
layers tend to be thinner than in a corresponding low-speed
rotor.

Effect of the Chordwise Pressure Gradient
The effect of the chordwise pressure gradient on the

boundary-layer development of a rotor blade was studied
using the compressor rotor described earlier as the test case.
All the parameters, except the chordwise pressure gradient
(dUe/ds), were held constant. This test case is listed as item 9
in Table 1. The effect of the chordwise pressure or velocity
gradient on momentum thickness is well known. Its effect on
the limiting streamline angle is shown in Fig. 9. It is evident
that as the chordwise pressure gradient is increased, the value
of the limiting streamline angle also increases. The increase in
ew due to a higher pressure gradient is not as pronounced as
those indicated in Fig. 8, where the rotation effects are
studied. Thus it is evident that larger pressure gradients in-
duce appreciable three-dimensionality in rotor boundary
layers, increasing both Bn and e^.

Axial Flow Fan Rotor Blade18'19

Extensive measurement of the wake, including one axial
station close to the trailing edge of a rotor blade, was carried
out by Reynolds and Lakshminarayana.18 Some of this data
and the unpublished information19 are utilized for com-
parison with the prediction from the analysis of the authors.

The fan rotor consisted of 12 blades of symmetrical profile,
with a blade chord of 15.2 cm and a tip diameter of 0.546 m.
This isolated rotor was operated in air and the measurements

002

0,,/c

0.01

o Measurement in the Wake, x/c = 1.30
——— Predicted

0.5 0.6 0.7 ' 0.8
R

0.9 1.0

Fig. 11 Measured and predicted total momentum thickness at the
trailing edge of a fan rotor blade.18'19

were taken with a three-sensor hot-wire probe utilizing the
ensemble-averaging technique. Some relevant parameters are
listed in item 10 of Table 1, and a detailed description is given
in Ref. 18. The blade was operated at a 10-deg incidence.

The predicted chordwise distribution of the momentum
thickness at three radii for this case is shown in Fig. 10. The
flow is assumed to be turbulent from the leading edge.
Substantial radial variation in the momentum thickness is
evident. The values of 6n at the trailing edge of the suction
surface is almost twice as much as that on the pressure side.
The increase in momentum thickness near the trailing edge of
the suction surface is much more rapid than those on the
pressure side.

The predicted values of the limiting streamline angle
(ew=tanaw) at various chordwise and radial locations are
similar to that shown in Fig. 7 for the axial compressor rotor.
Since this rotor was operated at off-design conditions, the
limiting streamline angles were found to be large, indicating
severe three-dimensionality in the flow.

The wake data near the rotor trailing edge (x=1.3 at
midradius) are shown compared with the predictions in Fig.
11. The value of BU/C plotted is the total momentum
thickness at the trailing edge, the sum of their values on the
pressure and the suction surfaces of the rotor blade. The
predicted values are lower than the measured values, but the
trend is predicted accurately. The momentum thickness in-
creases substantially from hub to tip as predicted from the
analysis. The discrepancy between the data and the prediction
may have been caused by the fact that the momentum
thickness is derived from the wake data at 0.3 chord down-
stream (as compared to 0.0104 chord downstream for the
compressor case).

Conclusions
The momentum integral technique for the analysis of the

rotor blade boundary layer has been extended to include
Head's entrainment equation as a closure model. The im-
proved technique, the numerical method, and the boundary
conditions show good agreement between the measured and
the predicted momentum thickness for a wide variety of
turbomachinery configurations—cascades, fan and com-
pressor rotors, and axial flow inducer. The method does not
include the effects of the annulus wall and the hub wall
boundary layers, and hence is not accurate at the tip and hub
regions of a rotor. Some of the major conclusions are as
follows.

1) The boundary-layer growth on both the accelerating
(turbine) and decelerating (compressor) cascade can be
predicted accurately. The method is inaccurate beyond the
flow separation point.

2) The analysis is accurate for the prediction of the rotor
boundary-layer growth, where the effects of both the Coriolis
and the centrifugal forces are present. The predicted and
measured values of the momentum thickness and the limiting
streamline angle show good agreement for the inducer rotor at
most of the radial and chordwise locations.
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3) Higher momentum thickness on the suction side as
compared to the pressure side is predicted for both the
compressor and the fan rotor blades.

4) The analysis indicates that the momentum thickness and
the limiting streamline angle increase from hub to tip for both
the fan and the compressor rotors.

5) The values of the momentum thickness for the com-
pressor and the fan rotor blades, derived from the wake
measurement, show good agreement with the predictions.

6) A parametric study of the effects of rotation indicate that
when all the other parameters are held constant, the
momentum thickness decreases and the limiting streamline
angle increases near the midradius with an increase in the
rotation.

7) An increase in chordwise pressure gradient, when all
other parameters are held constant, increases both the
momentum thickness and the limiting streamline angle for a
rotor blade.

8) The momentum thickness increases rapidly for the off-
design operation of the rotor.
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Announcement: 1980 Combined Index

The Combined Index of the AIAA archival journals (AIAA Journal, Journal of Aircraft, Journal of Energy,
Journal of Guidance and Control, Journal of Hydronautics, Journal of Spacecraft and Rockets) and the papers
appearing in 1980 volumes of the Progress in Astronautics and Aeronautics book series is now off press and
available for sale. A new format is being used this year; in addition to the usual subject and author indexes, a
chronological index has been included. In future years, the Index will become cumulative, so that all titles back
to and including 1980 will appear. At $15.00 each, copies may be obtained from the Publications Order
Department, AIAA, Room 730, 1290 Avenue of the Americas, New York, New York 10104. Remittance must
accompany the order.


